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Homework 10

Exercise 5.1

A linear transformation (operator) 7T is unitary, if 7o Tt =T

Matrix representation of F, (n rows, n columns, w = e27%/"):
1 1 1 1
1 w w? wnt

ﬁ 1 w? wt w2(n=1)
1 ol 2mD D1

Matrix representation of Ff (n rows, n columns, w = e~27%/");
1 1 1 1
1 w w? Wl

ﬁ 1 w? wt w2(n=1)
1 Wil 2= (D1

The j — th row of F is ﬁ(l, wI w2 w17

while the k-th column of F), is == (1, w®, w?*, ..., w"~DF)

v

The entry in the (j, k)-th place of the product F,,F} is just (1 + w0~k 4
wz(j_k) + _|_ w(n_l)(]_k))

Distinguish two cases: If j = k, thisis just (1 + 1 + ... + 1)/n = 1, while if
j#k, it is (1 4+ w4+ w? 4 ... +w™™!) which is zero.

Proof: w™=%) =1, and w—) £ 1.

14 w0k 4 20k 4 4 w=DU=k) = 0 because 0 = wU=F" — 1 =
(WOU=F) — 1) (1 4+ wl=F) 4 200 4 4 wU0-R =) with (W0—F) —1) £ 0.



Exercise 5.3
N—-1 i
Yk = \/% ijo xj€2 ak/N
N = 2™, Thus we have to evaluate the above formula 2" times and every
evaluation of the formula needs N = 2" steps. = O(2" - 2") = O(2*").

Formula 5.4 has to be evaluated 2™ times for every possible combinations of
J1s s Jn(=2™). € O(2™)

It is possible to first evaluate ¢2™i0-1d2--dn — 27i(i1/2452/2° . +3n/2") in O(n)
steps. Then one can multiply successively e=2mi(e/2") for k = 1..n — 1 to get
the coefficients for formula 5.4

(e2mi0-J152-dn . g=2mi(j1/2)) = ¢2mi0.J2--dn This is also possible in O(n).

In the end multiply the coefficients to the vector |1), add |0) and multiply
the n vectors (size 2). This is possible in ~ 5n steps € O(n).

Thus we need overall O(n2") steps.

Exercise 5.5

See attached sheet.

Exercise B

— 0+4al) o (04811 _ 1
V) = Vitaz & V1462 /(1+a?)(1+6?)
1

(J00) + B|01) + a|10) + aB[11)) =

1 B
V(1+a2)(1+52) e
af
11 1 1 1 1+B8+a+ap
Ful) = ) 1 i -1 —i g _ ) 1448 —a—iaf
2/(14a2)(1482) | 1 -1 1 -1 o 2/ (1+a2)(1+52) 1-64+a—ap
1 - -1 af 1—if—a+iaf
(a+1)(B+1)
_ 1 (—a+1)(iB+1)

T 2y/(14a2)(148%) (a+1)(-8+1)
(—a+1)(—-if+1)

A state [1) in (C?)®? is entangled if it’s not a product state (if it’s not a
product of two states ¢ ® ¢, ¢, ¢ € C2)
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For which values of @ and 8 can [¢) be written as a product state?

Ounly for (6+1)=(if+1)and (—f+1) =(—if+1) or
(B+1)=(—B+1) and (iB+1) = (—iB +1).

And this is both only true for 8 = 0. For 8 = 0 the |[¢) is always a product
state because then

¥) = 75(0) +11)) ® =g (@+1)[0) + (1 - a)[1)).

Thus, for 8 # 0, 1) is entangled.



