Quantum Computing

Mathias Niepert

Homework 2

Exercise 2.7

Verifiy that |w) = (1, 1) and |v) = (1, -1) are orthogonal.

Two vectors are orthogonal, if their inner product is zero. (The inner prod-
uct (a|b) is the projection from b to a.)

(1,1), (1, -1)) = (1%, 1%) ( ! ) —1-1=0
What are the normalized forms of these vectors?

w) _ (1,1) lv) _ (1,—1)

Ml = v 24 T = 3
Exercise 2.8
Prove that the Gram-Schmidt procedure produces an orthonormal basis (|v1), ..., |v4))
for V given some basis (Jwy), ..., |wa)).

— _|w1)
[v1) = g )
= _wer) =3 (il wr g )|vi) << d—
[Vk1) = =S a7 LS kS A1
For an orthonormal basis (Jv1), ..., [vg)) it is: (v;|v;) = §; ;. It’s obvious, that

the norm of every vector produced by the Gram-Schmidt-Procedure is 1. It re-
mains to show that (v;|v;) =0ifi#j, 1 <ij <d. Ido that by induction over d.

1. base case: d = 2

llwz) = (v1wz} v}l
R, (v1|wse) € C, inner product linear in the second argument, cunjugate-linear

in the first =

(v1fv2) = (( HIZBII ), (qlezl=torfwe) vy write juy) = alvy) with a = |[|wy)]] €
i

(awy |we) —(v1 |wa) (avy |v1) _ o (v |wa)—a’ (v1|wa) 0
[lw2)—(v1|wz)|v1}] [w2)—(v1]w2)|v1)l

(v1]va)

2. induction step d — d + 1

lwat1) =3y (ilway1)|vi)
lwas1) =2 5=y (vilwat1)vi)]]

”produce” a new orthonormal base vector |vg41)

for every i,j with 1 <14,5 <d it is:

(Wilwat1) =3 & (s |watr)(vs]vi)
[was1) =2 ¢y (vilway1) i) ]

(vjlvar1) =



(vjlvi) = 0 for i # j and (v;|v;) = 1 for i = j (induction hypothesis) =

— (Wjlwat1) = (vjlwat1) -0
wat1) =3¢y (vilwas) va)l

(vjlvas1)

The number of (linearly independent) vectors in both bases is the same =
they span the same vector space V.

Exercise 2.9

Completeness relation in the same space V with the orthonormal basis |0), |1)

A = LAL, = (0|A]0)[0){0 + (0]A[1)[0){1] + (1[A]0)[1){0] + (1[A[1)[1)(1]
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Exercise 2.10

Given a vector b with respect to the basis |v;)

b=ailv) + ... + o) = (a1..0m)7

Operator |v;)(vg| , (1 < j,k <n)

- - -

(lvj)(ve])(b) = (vk|b)|v;) , (vi|b) = ar (because the basis is orthonormal)
= The operator scales the vector |v;) with the factor ay

The Matrix representation of this operator is a nxn matrix where the k-th
column is the vector |v;) and the rest is filled with Os.

0
1

)



0 V4,1 0 0 (65}

0 vjo 0 0

0 0 0 | as for every b= axp

0 Vjn—1 0 0

0 Vjn 0O 0 Qan
(vj,g=g-th coordinate of |v;)):

0 .. Vj,1 0 0 (6751 QEUj1

0 vjo 0 0

0 .. 0 0 oy = ;i = ay |v;)

0 .. Vjn—1 0 0

0 Vjin 0 0 fo7 QR n

Exercise 2.13
It is (AB)" = BTA" and we defined |[v)T = (v| = (Jw) (W)t = (0|f|w)t = |v)(w]|

Exercise 2.16

Show that any projector P satisfies the equation P? = P
Tt is (ii) = 1 because [i) are vectors of the orthonormal basis for V

szt i) HPP PIP = Y0 [i) (il I]a) (i = Yopy (il [i)]) (i] = Yory (ali)]a) (il
=S )i =

Exercise 2.17

Show that a normal matrix is Hermitian iff it has real eigenvalues.

7 =7 A normal Matrix N is diagonalizable (spectral decomposition) with
respect to a basis B.

a; 0 0 0
0 az 0 0
0 0 .. 0
0 0 0 an

af 0 0 0

0 o 0 0

0 0 .. 0

0 0 0 af

N = The matrix N is Hermitian < N = NT

NT =

=a, =a Vi:1<i<n=a; €R And the a; are the eigenvalues of the
matrix N (characteristic polynom: (a3 — A)(ag — A)...(a, = A)) = O

? <7 analogous

Exercise 2.22

To prove this, I take a look at the matrices (A — \;I) for the real eigenvalues A;.
Without loss of generality (the eigenvalues and eigenvectors for a matrix A are
always the same, regardless of the chosen basis) I choose the diagonalized matrix
representation of A with respect to a certain basis B (Hermitian matrices can
always be diagonalized), where the diagonal elements are the real eigenvalues.



To calculate the eigenvectors for a certain \; one have to solve the equation
(A — M\I)Z = 0 which is:

AL — A 0 0 0 0 0 1
0 )\2 — /\1 0 0 0 0 T2
0 0 0 0 0 o
0 0 0 N—X O 0
0 0 0 0 0
0 0 0 0 0 Ap—N Ty

Define for 1 < j,k <n: (jx = vjr € R (vji can have any value in R)
if Ay —X; =0, 0 else

i1
Gi,2

Thus, for every eigenvalue )\;, all the vectors are eigenvectors to

Ci ,n

the eigenvalues \;. For two different eigenvalues A, and A it is:
Cayi = Vai © G =0as [(Ag M) A(Ni — A =0) = (X — Xy #0)]

It follows, that the inner product of the eigenvectors |a), |b) corresponding
to the two different eigenvalues \,, Ay is always 0 = the eigenvectors are or-
thogonal.

Cb,1

Cb,2
(‘a’>7 |b>) = (Ca,h(a,h “’7(11,1)
Com
Exercise 2.23

A projector P is normal and therefore diagonizable = there is a basis B so that

ap 0 0 0
P = 8 062 0 8 with respect to this basis.

0 0 0 am
We proved that P? = P for all projectors P =

ap 0 0 O ap 0 0 O op 0 0 O
p2_ 0 a 0 O 0 a 0 O _ 0 aw 0 O
o 0 .. 0 o 0 .. 0 o 0 .. 0
0 0 0 o 0 0 0 ayp 0 0 0 am

S al=qVi:1<i<n=«a; €{01}
Again, the eigenvalues of a diagonalized matrix A are the diagonal elements

{a;} as the characteristic polynom ((c; — A)(aa2 — A)...(a, — A)) (which is the
determinant of (A — AI)) has to be 0 to calculate the eigenvectors.

Exercise 2.24

Show that a positive operator is necessarily Hermitian.



A positive operator B is defined to be an operator such that for any vector
[v), (Jvy, Blv)) is a real, non-negative number.

Any Operator A, any vector -

a1 1,2 a1,n—1 a1,n U1
a1 a2 2 a2 n—1 a2 n V2
A= , v) =
ap—-1,1 An-1,2 .. QApn—-1n-1 G0Qn—-1n Un—1
an,1 an,2 An n—1 An—1,n Un
(lv), Alv)) =
a1,1 a1,2 a1,n—1 ai,n U1
@21 @22 a2,n—1 as n V2
(U1 Tg ... Tp—1 Up) =
an—-1,1 aAn—-1,2 -+ An—-1n—-1 G0pn—1n Un—1
Qn, 1 Ap 2 Qp on—1 Qp—1,n Un

1,1V1V1 + @1, 2V201 + ... + Q1 n—1Up—1V1 + @1 nVxU1 +

2,1V1V2 + G2 2V202 + ... + G2, n—1Up—1V2 + G2 nUx V2 +

T T R T et

anfl,lvlﬁnfl + an71,2v2@n71 + ...+ anfl,nflvnflinfl + anfl,nvnﬁnfl +
amlvlﬁn + an,2v25n + ...+ an,nflvnflﬁn + anfl,nvnﬁn

With that, I show now, that for every operator A, which is not Hermitian,
there is a vector |v) (there are two vectors |v1) and |vg) for Case 2) such that
(Jv), AJv)) € C — R (either (Jv1), Alv1)) or (Jue), Alvs)) € C — R for Case 2).
There are two possible cases:

Case 1: a;; € C — R for one (or more) i (not in R = A is not Hermitian)

0

Choose e.g. |v) = vi O: 1 = (|v),Alv)) = a;,;, € C
0
Case 2: 3i,j : a; ; # Gj,; (= A is not Hermitian)

0

v = 1
0
Choose e.g. |v1) = = (lv1), Alv1)) = aii + aj; +ia; ; —ia;;
v; =1
0

0
Since a;; € R and a;; € R (otherwise we would have applied Case 1) and

for two complex numbers a; = azr + tay; and ay = aypr + P0y;0 tay — lay =
W0gr — Qi — tayr + ay; € R az = ay,.



0

V; = 1
0
Choose e.g. |vg) = = (|v2), Alv2)) = a;s +aj; +a;; +aj;
v = 1
0

0
Since a;; € R and a;; € R (otherwise we would have applied Case 1) and
for two complex numbers a, = g, + i0z and ay = ayr + 1ayi: Az + ay =
Qzr + 10g; + Qyr + 1ay; € Riff a5 = —ay;.

Thus, T showed that if A is not Hermitian, there is at least one vector [¢)
such that (¢|Ay) € C — R. This stands in contradiction to the definition of a
positive operator. [J

Exercise 4.3

Show that, up to a global phase, the 7/8 gate satisfies T' = R, (w/4).

—imw/8 0 ) —im/8 0
e in e
R.(m/4) = < 0 o /8 > and T = ¢'™/8 < 0 gin/8 > The global

phase is e'™/8.

Exercise 4.6

One can show, that a rotation of a Bloch vector X by an angle a in S? about
the x/y/z axis is equivalent to applying the operator R,,,,. to cos(6/2) +
e'?sin(6/2)), up to a global phase.

I will show that with the R,(0) operator:

—ia/2 0 . 1 0
e —ia
RZ(a) = ( 0 61’(1/2 ) = Rz(a) =e /2 ( 0 i

e

awptie o (0 s (a0, ) = (0 ) )

= As we only increase the angle ¢ this is equivalent to a rotation about the z
axis. (One can see that easily in the Bloch sphere graphical representation.)
One can show this analogous for the other two matrices, but the rotation is then
applied (depending on the chosen #) to both angles. When you compare this
to the 3-dimensional rotations on the 3-dimensional Bloch vector you get the
same results.

1 0 0 cos(a) 0 —sin(a)
Ry(a)=| 0 cos(a) —sin(a) |, Ryla) = 0 1 0
0 sin(a) cos(a) sin(a) 0 cos(a)

Exercise 4.7

0 1 0 —i 0 1
=15 ) (53 (0
0 —i

=—1 . )Z—YandXX:I
i 0



XRy(0)X = X(cos(§)I —isin(2)Y)X = cos(2)XIX - isin(4)XYX = cos($
0 - 0
oy [ cos(3) 0 0 sin(g) \ _ [ cos(3)
isin(3)Y = ( 0 cos(%) + —sin(4) 0 —\ —sin(9)
= Ry, (—0) because sin(—0) = —sin(#) (antisymmetric function) and cos(—0)

cos(0) (symmetric function).

)



Exercise 4.8

1. We know that R;(0) rotates a state represented by a Bloch vector X by an
angle € about the 7 axis of the Bloch sphere. Thus we can express every
operation, up to a global phase €', on a state of a qubit with R;(6). =
An arbitary single qubit operator can be written in the form A = e*“ R ().

Show that all these operators A are unitary, which is AAT =T

We know that X, Y, Z are unitary and that Ry () = e(~*"/2) with
7= (X,Y,2). (X,Y,2)l = (X,Y,2)

Thus AAT = emRﬁ(ﬁ (eia)TRﬁ(g)T _ eiozefiae(fwﬁ-&‘/@e(wﬁ-&‘/2) _ e(iozfia)
e((107-3/2)—(i07-5/2)) — 0,0 — 1 ]

2. azw/2,ﬁz%(101),9:w

3.a=7/4,a=(001),0=r/2



