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Homework 3

Exercise 2.39
1. Show that the function (., .) on L, x L, defined by (A, B) = tr(A'B) is

an inner product function.

e (., .) has to be linear in the second argument:
(A, Zi /\iBi) = Zl )\i(A, Bl) = tT(AT Zl )\sz) = Zl )\itT(ATBi)

/\QATBQ-I-...—l-)\nATBn) =1 t?"()\lATBl)—l—tT()\QATBQ)—‘r...—‘rt’l‘()\nATBn)
=2 AltT(ATBl) + )\th(ATBQ) + ...+ )\ntT(ATBn) = Zz )\itT(ATBi)

Ltr(A+ B) = tr(A) + tr(B)
2 tr(zA) = z tr(A) (z complex number, A arbitrary)

e Show: tr(ATB) = tr(BTA)" (* and T have the same effect on the
diagonal of a matrix and hence on the trace)

It is tr(A)" = tr(A") because (a + b) = (@ + b) for complex numbers
, (ANT = A and (BA)! = ATBT =

tr(ATB) = tr((BTA)") = tr(BTA)T
o (A, A) =tr(ATA) > 0 with equality if and only if A = zero matrix.

ai1 @21 ... Qpl a1 a1z ... Qin

a a e a a a e a
Let B = ATA _ 12 22 n2 21 22 2n

Q1p Q2 - OGpp ap1  Ap2 ... Adpn

Every diagonal element b;; (the addends of the trace of B) = ay;a1; +
@2iT2; + ... + GniGp; > 0 with equality for a;; =0V 4,5: 1 <i,5<n
(because V a € C: aa € R=? with aa = 0 if and only if a = 0) =

(A, A) = tr(ATA) > 0 with equality if and only if A = zero matrix.

2. If V has d dimensions show that L, has dimension d2.

Let {|vi)}, 1 <4 < d be an orthonormal basis of V. There are d orthonor-
mal vectors in this base. Claim: {|v;)(v;|}, 1 <14,j < d is a basis of L,.

Consider an operator A : V' — V that maps a vector space V into itself.
Assume any basis set B, = {|v;)}. We can write the result of A operating



on one of the basis vectors |v;) as

Alvi) = 37, Ajilvj) multiplie from the right by (v;| and sum over i:

i Alva)(vil = 32, 5 Ajilvy)(vil A is linear =

A lvid(vil = 32, Ajalvy)(vil Tt is 32, [v3)(vs| = 1 and thus:

A =73, Ajilvj)(vi| (Every operator is a linear combination of the basis).
The base is orthogonal:

tr(([va) (v )l () = tr(lvy) (vilvie) (u] = tr(lv;) (n])din
Definition of the trace:

tr(lv)(l)oi = 0u 22, () (W) (vi) () = din 32, Wal(lvy) (mi])lvm) =
dix0ji = There are n-n (because the base {|v;)} has dimension n) vectors

in the orthogonal base = the dimension is n?.

Exercise 2.40
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Exercise 2.41
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Exercise 2.47
Suppose A and B are Hermitian. Show that i[A,B] is Hermitian.

Let C = i[A, B] = i(AB — BA)

(AB);j =Y p_y aikbrj , (BA)ij =Y p_y birax;
= cij =13y (aikbrj — binaky)

To show:

1. ¢; €R

cii =1y py (@ikbri—bikar) =2 i Y p_ (@ikbri—bri@ir) =2 > p_ i(aikbri—
aikbri)

Let e +iy=2€C,z,y e R: i(z—2) =i(x + iy —x+iy) = i(i2y) =
—2yeR =

1(@ikbr; — ainbr;) € R = 3, i(aikbr; — ainbri) € R

2. Cij = Cj;
cij = iy p_y(airbr; — biray;)
Cji = izzzl(ajkbki - bjkaki) - Zzzl(iajkbkii_ ibjicaki)
Cji = Dojoer (ajkbri — ibjkari) =2 375 (—ikbrit+ibjrtni) =* 325y (ibkjai—
iakjbir) = 13 p_y (aikbrj — birar;) = cij

1 A and B are Hermitian = aii,bi; ERVI: 1 <i<nand Qjj = Qj; and bij = Bji
Vi,j:1<i,j<n
2ab=abVa,becC

Exercise 2.26

[¥) = (10) + 11))/v2
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[¥) @ [¥) ® [v)) = 5.5(10) @10) @10) +10) ® [1) ®]0) + |1) @ |0) @ [0) +]1) ®
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Exercise 2.28

1. Show that (A® B)* = A* ® B*

Kronecker product (A xn, Bpxq, matrix representation of A ® B has ng
columns and mp rows):

allB algB alnB
A ® B— ang CLQQB agnB
amiB amaB ... amnB
(a11B)*  (a12B)* ... (a1,B)* a;,B*  aj,B* ... a},B*
(A2B)* — (a21B)*  (a22B)* ... (a2, B)* 1 a3 B*  a3,B* ... a3,B*
(am1B)* (am2B)* ... (amnB)* arB* af.B* .. a, B*
A* @ B*
1 4B = @B since ab=ab Ya,b € C
2. Show that (A® B)T = AT @ BT
allB algB CLlnB T allBT angT amlBT
(A®B)T _ ang a22B G,QnB _1 a12BT GQQBT amgBT _
am1B  ameB ... amnB a1nBT  as,BT ... apnBT

AT @ BT
i Let C = (A® B). Then Cyj = ari/p11j/q10(((i—1)modp) +1) (((j—1)moda)+1)

It’s easy to see that, if C gets transposed Ci; — Cjit afi/piri/q) —

arj/qlfi/p] A0 b(((i—1)modp)+1) (((j—1)modg)+1) — b(((j—1)modq)+1) (((i—1)modp)+1)
= every B in the matrix representation has to be transposed.

3. Show that (A® B)' = AT @ Bf
(Ao B)! = (A® B)T)* =1 (AT @ BT)* =2 (AT)* @ (BT)* = At @ Bf

1. 2.28 (2.)
2:2.28 (1.)

Exercise 2.30
(A B) =A@ B =2 A® B



1. 2.28 (3.)
2. A and B are Hermitian = A" = A and Bf = B

Exercise 2.33

The Hadamard operator on one qubit:

H = 2[(10) + [1))(0] + (0) — [1){1]] =
5 ([0)(0] + [1)(0] + |0) (1] — [1){1])

Show explicitily that the Hadamard transform on n qubits, H®", may be

written as

HO = 5, (D)™

First I claim that |z)(y| ® |i)(j| = (|z) @ |9))({y] ® {(j]) for all z,y and all
combinations of 4, j € {0,1} and prove that for the case i=j=0 (all other cases

are analogue)

Matrix representation of [0)(0| = ( 10 >

0 0
T1Y1 T1Y2 e T1Yn
) (yfo)(o] = | T TR B )0y 0] =
TpY1  TnY2 - Tnln
17 0 my2 0 ... xy, O
0 0 0 0 0 0 0
_ oy 0 xoys 0 ... woy, O
Toyr 0 xpye 0 0 xpy, O
0 0 0 0 0 0 0
T
0 1y
xro I(;
(|2)210) (o) =| 0 | % 0y0..9,0)=[ 7>
ﬁ; mz?l

Now, I use an Induction proof on n:

Base case: n = 1:

H®' = % > ey (DY) (y| with @,y € {0,1} =
5 ([0)(0] + [1)(0] + |0) (1] — [1){1])

Since [) (4] @ [i) (7] = {[20){y0], [21) (30, |20) (y1], |1} {y1[} ¥,y and for all
combinations of ¢,j € {0,1} where |20) means |z) ® |0) (z,y = |a1Q2...a) =

(((Jor) ® a2)) @ ...) @ |owm)) with a; € {0,1} it is:

o O O

=TI

71y1|0){0]
22y1|0){0]

T1Y2

T2Y2

TnlY2

To7 Loy (CDTVI)yl ® 5(10)(0] + [1)(0] + [0)(1] — [1)(1]) =

T Lae({loo), o1y} (DTN} (Yl @ (10)(0] + [1)40] + [0){1] — [1){1])

o O O

71y2(|0)(0]
T2y2(0)(0]

Zny1|0)(0] - 2ny2(0)(0]

T1Yn

L2Yn

InlYn

21yn |0) (0|
22yn|0) (0]

T5Yn|0) (0]

o o

o



Finally, I think that the formula is not provable, because it’s not right. One
can already see that on the matrix representation for H®?:

1 1 1 1
B R T R

1 1 -1 -1
1 -1 -1 1
Every element in the matrix is ”created” by |é)(j| or - |i)(j| for every possible
combination of i,j € {00,01,10,11} (the final matrix is the sum of these matri-
ces). For example the element in row 4, column 4 is ”created” by

[11)(11] = . This stands in contradiction to the given formula

o O O O
oS O OO

0

0

0

0
11

~ —_ O O O

(there it would be - (11] since (00,01,10,11) — (0,1,2,3) and 3x3 = 9

(odd)). The formula would be appropriate for something like (%(I+X))®”®H.

Exercise 2.54

Suppose A and B are commuting Hermitian operators. Prove that exp(A)exp(B)
= exp(A + B).

When A and B are commuting Hermitian operators, that is [4, B] = AB —
BA =0, then A and B are diagonal in the same orthonormal basis. Since A
and B are Hermitian one can write:

A =3, a4i)(i] and B =Y, B;]¢)(i] with o; and j; are the real (A and B
are Hermitian) eigenvalues and i) is an orthonormal basis and each [i) is also
an eigenvector of A / B with eigenvalue «; / 3; (spectral decomposition).

Thus exp(A)exp(B) = (3, exp(a)|i)(il) (32, exp(B:)]i)(il) = 32, exp(ou)exp(B;) i) (il
=2 ?Zp(agﬂi)liwl = exp(3_,;(eit+0:)[0)(il) = exp((X2; cili) (i) +(22; Bili)(il))
= exp(A + .



Exercise 2.56

U is unitary and thus normal = U can be written as U = . A;[j)(j|, where A;
are the eigenvalues of U, |j) is an orthonormal basis and each |j) an eigenvector
of U with eigenvalue \; (spectral decomposition).

It is UUT =T and thus > N1 G = 225 101 =

0

M =1= ) € {e{@RmHe))1 0 < < 27 because /(2R THe)e=i((ZR)mHe) —
e =

1
log(el(@R™+0)) = i((2k)r + @), k € Z

Thus, K = —ilog(U) = Y-, —ia;|j)(j] with a; = log();), i((2k)7 +¢) € R
Vj because —ii((2k)T +¢) = 2k)T+p € R =

K = 37 pl5)(j| with p; € R = K is Hermitian. (For a diagonal matrix A

pi 0 0 0

. . 0 w2 0 0
L. f— T =

with ai; € R it is A A ) A 0 0 0

0 0 0 pn



