Quantum Computing

Mathias Niepert

Homework 5

Exercise 1

|01)—|10)

Redo quantum teleportation with the Bell state 72

Qubit to beam: |¢) = «|0) + G]1) .
Input state: [1h) = (|0) + B]1)) (12) = La|0)(j01) —[10)) + B[1)(01) +
110))] -

The first two qubits belong to Alice, the third belongs to Bob.
Alice sends her qubits through a CNOT gate:

[¥1) = Z51al0)(|01) — [10)) + B[1)(]11) +|00))] -

Then, Alice sends the first of her qubits through a Hadamard gate:

[¥2) = 3[a(]0) +11))(J01) — [10)) + B(|0) — [1))(|11) + |00))] =

1[a]001) — @]010) + a|101) — «|110) + B|011) + B|000) — B|111) — B|100)] =
31100)(a|1) +810)) +01)(8]1) —@]0)) +[10) (| 1) — 3|0)) +[11)(—]0) = 31))] -

To get the original state |ig), Bob has to apply the following operations to
the state he measured:

If Alice has measured |00) : X = < (1) (1) >

o If Alice has measured |01) : —Z = _01 (1)
. 0 1
o If Alice has measured |10) : ZX = 10

If Alice has measured |11) : —1 = < -1 0 >



Exercise 2

The average value for a measurement is: (¢|M|¢)) where M is the observable.
Here M = X1 Z5, [¢) = (]00) + [11))v/2
X, applied to |¢) = (|10) + |01))v/2 (flips the first qubit)

Zy applied to (|10) +]01))v/2 = (|10) — |[01))v/2 = [&')

’

Average Value of the measurement is now (|¢ )

Kronecker representation:

Wlwy=3(1 0 0 1)

O R =k O

Exercise 3

1. Show that (Q ® R)(S®T) =QS ® RT
Suppose |v) and |w) arbitrary (state) vectors.

(Q @ R)(S @ T))(|lv) @ [w)) = (Q & R)(Slv) ® Tlw)) = QS|v) © RT|w) =
QS @ RT)(|v) @ w))

2. Show that QQ =1, RR=1,SS=Tand TT =1.
For Q, other cases are analogue:

0= q3 q1 — iq2 0Q = q3 q — iq2 q3 q1 — iq2
@ tige —g3 @ tige —g3 @ tige —g3

:<ﬁ+ﬁ+ﬁ 0
0 B+E+aE

mensions, i.e. \/¢ + ¢35+ ¢35 =1).

= I (because ¢ is a unit vector in three di-

QRS+RS+RT-QaT)? =

Q®9)QeS)+(QeS)ReS)+(QeS)(ReT) - (QeS)(QeT)+
(RS)(Q®S8)+(R2S)(R2S)+(RS)(RRT) - (RoS)(Q®T) +
(ReT)(QeS)+(RIT)(ReS)+ (RT)(ReT) - (ReT)(Q®T) -
ReTQ®S)—(QOT)(R®S) - (QT)(RIT)+(QeT)(QeT) ="

Q®’25?+QR®S?>+QR® ST — Q*>® ST +
ROQ®S?*+ R?°® S+ R?® ST — RQ ® ST +
ROSTS+R*QTS+R*’QT?> - RQ®T? —
Q*@TS—QR®TS —QRT?*+Q*xT1? =2

4I+QR®ST—RQ®ST+RQQXTS—QRRTS =414+ (QR— RQ)® (ST —-T5S)
=4I +[Q, R ® [S,T]

(A) = (Y|Aly) = E(A) for observables A and arbitrary state vectors [¢).



Itis (I) = (Y|I]y) = (W|¢) = 1and ([Q, R]) < (QR)+(RQ) < < (Cauchy—Schwarz)
2(Q)(R).

And (@) < 1, (R) < 1, as the eigenvalues of Q, R are +1 (proven in hw4;
E(Q) = (Q) = pg(1) —pg(=1)) < 1 and E(R) = (R) = pr(1) —pr(-1)) < 1
(For[S, T] analogue)

The upper bound for (W?) = (41 + [Q,R] @ [S,T])) is 4 + 4 = 8.

Thus (Q® S) + (R® S) + (R T) —(Q®T) < /(W?2) < 2V2.
Exercise 4.1
) = 275 aalD).

E®) :2 szj L Area® (2, v5) with Area®(v,w) = |v*lw|*sin*0 = |v|*|w]* —
(v, w)*.

|¢?> = Z{njthbit:o} ar|l;) and W’Jl‘) = Z{I\jthbit:l} ar|l;).

(a) E(i\ooo)\gul)), n = 3, for every j: Area’( ?,1/1}) = Areaz(@ @) =

2=1-0 Thus E(y) =37 1=423=1

3, for every j: Area®(y9,}) = AreaQ(Z?:Ou> b :0|1>)

J> 7

Exercise 4.2

Since Area®(y3,v) = [WJ12[¢j[2sin®0, Area®(¥9, ;) < [49]?[1;]* (because
sin?6 < 1).

With [) = 57" ar|1)

it is [¢91* 4+ []|* = a +af + ... + a3, = 1.

Assume [¢9]> = B and [9}[> = 2R h e R (992 + (¢} > = 1)

n

nthnoh — "1;5 gets max for b = 0 = [¢9]?[¢;[? <1
= BE(Y) =3 Y0 Ared? (), ¢)) < 230 = R4 =1

As Area?( ],wjl) = ZKJ. lviw; — vjw;|* >0, E(y) > 0.



Exercise 4.3

9 R
="

E(y) = 0 iff for every j: Area®(y? 1/1]1) = 0. This is only the case, if 1/)?

R
and ¢ are lineary dependent, i.e. ¢ = Ao} for all 1 <j <mn, \; € C.

Y =0) @] + 1) @91 = (|0) + \1)) @4} = (U I)(|0) ® x) where U is
an unitary operator (like in homework 2, e.g. a rotation on the bloch sphere)
and y € C®(—1),

Then: 0= E(¢) = E(|0) ® x) = 0+ 3.7, Area®(|0) @ 17, 0) ® x}) = E(x).
(Becanse [0) 02 = (1§ ) 7 = of)

By Induction, v is a product state.

” ”.,
<"

If 4 is a product state, ¢ is parallel to ¢} and E(t) = 0.



