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Homework 9

Exercise A4.16

x and N positive Integers and x co-prime to N

The order of x modulo N is defined to be the least positive integer r such that

2" = 1(modN)
Because of Theorem A4.9 it is also:

z#N) = 1(modN)

Prove that the order r of x modulo N must divide ¢(V).

Assume r does not divide ¢(N) then one can write:

@(N) = kr +1 (with k,l € Nand | < r) and with that

zF ! = 1(mod N) = z*" . 2! = 1(mod N) = (z")* - 2! = 1(mod N)

It is " = 1(mod N) and thus (z")* - ! = 1(mod N) = z! = 1(mod N).

This stands in contradiction to the assumption that r is the order of x mod

N.

Exercise A4.18
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Exercise A4.19
Po = ag,qo =1 and py =1+ agai,q1 = a1 and for 2 <n < N,

Pn = AQnPn—1 +pn72
gn = GnQn—1 + qn—2

Show that ¢,prn—1 — Pngn—1 = (—1)" for n > 1.
Proof by Induction
Base case: n = 1:
@nPn—1 = Pndn-1 = q1Po — P1go = arag — (1 +agay) = -1 = (—1)1

Induction step: n —»n+1
Induction hypothesis: ¢ pn—1 — Pngn-1 = (=1)"
To show: qnt1Pn — Pnt1Gn = (_1)n+1

nPn—-1 = Pndn-1 = (=1)" & PnGn-1 — GnPn-1 = (71)n+1 < PnQn-1 —
dnPn—1 + qnan++1Pn — Pnln4+1Q4n = (_1)n+1 < Dn (anJrlqn + anl) —dqn (anJrlpn +
pnfl) — (_1)n+1

It is pny1 = @nt1Pn + Pr—1 and ¢ni1 = any1qn + gn—1 and thus:

Pr(@nt1Gn + @n-1) — @n(ans1Pn + Pr-1) = (=1)"' & Goi1Pn — Prt1Gn =
(_1)n+1[]

For all p,, g, it is either ¢,pn_1 — pngn—1 =1 O Pr@n_1 — @upn_1 = 1 with
Prn_1,qn_1,qn and p, are positive integers. Thus:

qn - k1 + pn - 11 = 1 with kq,1; integers k1 = pp—1,l1 = —gn_1 Or
Qn - ko + pn - 1o = 1 with ko, Iy integers ko = —pp—1,lo = gn_1

The greates common divisor of two integers ¢, and p, is the least positive
integer that can be written in the form ¢,k + ¢,l, where k and [ are integers. [

Exercise 5.17
1. a,b integers and if N > 1 then a > 1. Thus b < Tlogs(N)" =L

2. logaN and 2% are computed (with the Taylor expansion of Inz = 17_1 +
(=12 + %g%)zﬁ + ..., logaz = In(x)/In(2) and €*, 2% = €22 = 1 +
(zln2)

zln2 222 4 ) which is possible € O(L) for the precision we need



(u1 < 2% < ug,uy,us integers). Division and multiplication are in O(L)
= The number of operations is in O(L?).

3. To compute u?,u} first write b in binary. E.g. b = 10110111 = 183 then

183 = pOTI0IL — p128,:32,16042:20:1 where the powers z2, 2%, 28, ... are

found by successively squaring, then multiplied together — two at a time.
This way computes ° in at most 2loga(b) steps which is in O(L). Because
the multiplication is in O(L) it takes O(L?) steps.

4. The algorithm can enumerate every possible b (b < L) and for every b do

the steps 2 and 3. This is possible in O(L - L?) = (L3).

Exercise 5.18

N =91
1. 91 is not even

2. Test if 91 = a® with a > 1,b > 2
We know that b < Tlog2(91)7 =7

y = log2(91) = 6.5078

b=2:z=1%=258%% —39539 = 27 =9.5394 = u; =9 and uy = 10.
ub = 81 and u§ = 100.

b=3: z=14=>580%8_-21693 = 2* = 4.4981 = u; =4 and uy = 5.
ub = 64 and u} = 125.

b:4:z:%:mf16270é21f3.0887:>u1:SanduQ:Zl.
u$ = 81 and u} = 256.

b =5 z=1Y=258%0% 13016 = 2° =2.4650 = u; = 2 and uy = 3.
ub = 32 and u} = 243

b =6: 2z=1%=05%08_10846= 2" =2.1210 = u; =2 and uy = 3.
ub = 64 and u} = 729.

b="7T: x_%=@_09297:>21—1.9049:>u1=1andu2=2.

u? =1 and u$ = 128.

3. 41 =4 (mod 91)

4% =16 (mod 91)
4% = 64 (mod 91)
4* = 74 (mod 91)
4% = 23 (mod 91)



4% =1 (mod 91)
=r==06

2"/? = 64(# —1) mod 91; ged(4® —1,91) =7



